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On the Modeling of Conducting Media With the
Unconditionally Stable ADI-FDTD Method

Chenghao Yuan, Sudent Member, |EEE, and Zhizhang (David) Chen, Senior Member, |EEE

Abstract—The Cour ant—Friedrich—L evy stability condition has
prevented the conventional finite-difference time-domain (FDTD)
method from being effectively applied to conductive materials be-
cause of the fine mesh required for the conducting regions. In this
paper, the recently developed unconditionally stable alternating-
direction-implicit (ADI) FDTD is employed because of its capa-
bility in handling a fine mesh with a relatively large time step.
Theresultsshow that theunconditionally alter nating-direction-im-
plicit—finite-difference time-domain (ADI-FDTD) method can be
used as an effective universal tool in modeling a medium regard-
less of its conductivity. In addition, the unsplit perfectly matched
layer combined with the ADI-FDTD method isimplemented in the
cylindrical coordinatesand isproven to bevery effective even with
the cylindrical structuresthat contain open conducting media.

Index Terms—Alternating-direction-implicitfinite-difference
time-domain (ADI-FDTD) method, highly conductive materials,
perfectly matched layer (PML).

|I. INTRODUCTION

ANY numerical techniques have been developed to
model and simulate RF, microwave, and optical circuits
and components. In particular, finite-difference time-domain
(FDTD) agorithms have been shown thus far to be the powerful
toolsto predict RF wave behaviorsin various circuit media[1],
except for the highly conductive materials. In a highly conduc-
tive medium, due to the skin effect, avery fine mesh isrequired
to account for the rapidly changing fields. Such a fine mesh
leads to a small cell size, which, in turn, forces the time step
to be small because of the Courant—Friedrich—Levy stability
(CFL) condition. In a normal circumstance at a microwave
frequency, the time step is so small that it makes the number of
FDTD iterations very large even for simulation of one cycle of
a microwave signal. Consequently, effective schemes need to
be devel oped for modeling of highly conductive materials.
Approximate methods, such as the surface impedance
boundary condition (SIBC) method and perturbation technique,
have been used, as described in [1]. These approximations,
however, normally come with assumptions that may lead to
errors or even failure in some applications. For instance, SIBC
assumes a plane incident wave, which is not true for cylindrical
structures. In addition, information on field behaviors inside
highly conductive materials is lost because of the use of the
surface impedance.
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The recently developed three-dimensional unconditionally
stable ADI-FDTD method [2]-{4] presents a possibility in
resolving the difficulty. Since the method can go with an
arbitrary time step without a stability problem, it can be applied
to a fine mesh with a much larger time step. The number of
iterations can thus be reduced to a manageable level. The past
applications of the ADI-FDTD to thin shielding conductors
at low frequencies [5] and to high-() cavities [6] have demon-
strated that the ADI-FDTD method is efficient and effective
when ahighly graded mesh isrequired. The corollary presented
in [4] has provided a theoretical foundation for the feasibility
of such ADI-FDTD applications.

Another issue with the ADI-FDTD is the incorporation of
the perfectly matched layer (PML) schemes. Although work
has been done in implementing the split PML and complex fre-
guency-shifted (CFS) constitutivePML withthe ADI-FDTD[7],
[8], no actual testing and experimentswere performed for highly
conductive media, aswell asfor nonrectangular coordinates.

In this paper, the ADI-FDTD is applied for the first time to
imperfect guided-wave structures with walls of finite conduc-
tivities at microwave frequencies. It is incorporated with the
unsplit PML [9] (that was shown to be equivalent to the split
PML, but is more computationaly efficient [10]). The simula-
tions are performed for circular waveguides. Therefore, unlike
the cases discussed by others [2], [3], [5]-{10], the effective-
ness of the ADI-FDTD is tested in the nonrectangular coor-
dinates that embody nonplane waves. Another point of signifi-
canceisthat fields, aswell astheir associated phenomenainside
ahighly conductive region, can now be simulated and, thus, vi-
sualized. This is not possible with the conventional FDTD or
SIBC methods.

Inthefollowing sections, theformulations of the ADI-FDTD
inthecylindrical coordinateswith the unsplit PML implementa-
tion are presented for modeling open cylindrical structures. The
numerical results are then shown with the computed attenuation
constants, phase-shift constants, and surfaceimpedance, aswell
asfield distributionsinside the conducting regions. Finaly, con-
clusions and discussions are made.

II. FORMULATION OF CYLINDRICAL ADI-FDTD WITH THE
UNSPLIT PML ScHEME FOR CONDUCTIVE MEDIA

The formulations of the ADI-FDTD method in cylindrical
coordinates have been derived recently by the authors of [11].
To model highly conductive materials, the formulas need to
be revised, and they were presented in [6]. Unlike from [6],
the derivations here are carried out with the incorporation of
the nonsplit uniaxial perfectly matched layer (UPML) boundary
condition.
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Thederivationsfollow thesimilar proceduredescribedin[11],
but with the integration of the PML absorbing terms. Through
some tedious mathematical manipulations, the unconditionally
stable cylindrical ADI-FDTD algorithm can be obtained. For
instance, (1a) and (1b), shown at the bottom of this page, can be
found for theradial electrical field £,. inaUPML mediumfor the
first half time step, see (248) and (2b), shown at the bottom of
the following page, for the second half time step, where
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Here, o isthe background electric conductivities of the medium,
and o4(d = r, ) isthedirectiona conductivity in the direction
in which the cylindrical waves are to be absorbed. P, and P’
are the auxiliary field components for the convenience of the
computation.

Notethat thelossy termsof thefieldsare not averagedintime,
but using the most recent val ue of the electric field in computing
conduction currents due to the effect of the threshold conduc-
tivity [12]. In addition, unlike originally presented in [13] for
a PML, anonunity term « is introduced in the computation of
cr or ¢z. k can be considered as equivalent to the complex fre-
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guency shift of the complex frequency-shifted constitutive PML
(CFS-PML) [8].

Although the above equations are for the radial field compo-
nent, other field components and corresponding auxiliary com-
ponents can be obtained in a similar way.

I1l. NUMERICAL EXPERIMETNS
A. Numerical Validation of the Cylindrical UPML

The first step toward correct uses of the cylindrical UPML
is to numerically validate it under the normal circumstance.
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In doing so, we choose a circular waveguide with a radius of
5.0 mm to be the subject under study. The sidewall of the wave-
guide is a perfect conductor, while the two ends of the wave-
guide areterminated with the UPML layers. Based on the theory
[14], the cutoff frequency for a certain mode should be

Pnrn
2man/ue

where p,,, is the mth root of the nth-order Bessel function
Jn(z) oritsderivative, a istheradius, and ;- and e arethe perme-
ability and permittivity, respectively. Consider the TMy; mode
for our investigation. The theoretical cutoff frequency is then
22.97 GHz.

The entire computation domain is now divided into three sec-
tions: the guided-wave section and the two UPML absorbing
sections at the two ends of the guided-wave section. The direc-
tional conductivity of .. inthe UPML section is determined by

[15]
A\
O—z(z) = O—max<5>

where z is the distance from the air-UPML interface, 6 isthe
thickness of the UPML layer, and o, is the maximum con-
ductivity of the UPML layer. For the optimal performance, o,
is recommended to be [15]

fer =

4

©)
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1507\ /e Az ) ©)

Omax = Uopt =

In order to enhance the ability of absorbing the evanescent

waves below the cutoff frequency, parameter . is chosen from
oneto .5 fromthe interface [15]. .. for each layer is

2 m
z = 1 max | ¢ .
K +K <6>

To facilitate the comparisons with the theoretical solutions,
the ADI-FDTD grid isexcited with amodul ated Gaussian pulse
with the TM,; field spatial distributions. More specifically, the
source function is

)

Ey = Ji(Punr)e CT) cos(2m fiut) ®)
where J; isthefirst-order Bessal function, p,..., isthe mth root
of Ji(x), r is the distance from the axis of the waveguide, ¢o
is the time delay of the Gaussian pulse, and 7’ is the width of
the Gaussian pulse. f,, isthe center frequency of the modulated
Gaussian pulse. Based on [16], to and 7" can be chosen with a
desired frequency bandwidth. In other words, the source can be
set up to contain substantial frequency components below cutoff
frequency so that degrees of absorption of evanescent modes by
the UPML can be observed.

The overall areais discretized into a grid of 10 (in + x 15
(in ¢) x 60 (in 2). The total length of the waveguide is 30 mm
including the UPML layers. The time step was chosen to be
equal to the CFL limit. The source planeis placed at the middle
of the waveguide. It is a soft source and, therefore, the fields
excited will propagate in both the 4-z- and —z-directions.
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Fig. 1. E, of 2000 iterations.

In summary, the parameters of the grid, the UPML layers, and
the source are as follows:

Ar=0.5mm
A¢p=0.42rad
Az =0.5mm
At =0.635 ps
Omax =21.22 S/m

Fmax = 20
m=3.5
to =0.1ns
T =25ps
fin =40 GHz. 9)

Fig. 1 shows E,. with 2000 iterations at the grid point of
(1,0,30) (which is five cells away from the source plane and
ten cells away from the PML). The waves in the waveguide
die down after 1000 iterations, which indicates that the waves
are absorbed well by the UPML layers. To obtain the quantita-
tive measurements of the reflections, areference simulation of a
long waveguide section of 400 Az wasfirst run. The smulated
E,. was recorded as the incident wave. The reflection coeffi-
cient for the PMLs was then calculated with | B, (with pavLs) —
B, (long section) /| Er(long section)|- Fig. 2 shows the reflection
coefficientsin the frequency domain. The PML absorptions are
observed better than —50 dB in most cases, even below cutoff.
Therefore, we conclude that the UPML with the addition of
nonunity « isvery effectivein absorbing cylindrical waves that
include the evanescent modes.

B. Computation of the Waveguide With Highly Conductive
Wall

In this section, we will show that the ADI-FDTD method
combined with thecylindrical UPML boundary conditionsis ef-
fective for simulating the open structures containing conductive
materials. Since few results are reported for exact computations
of the cylindrical waveguide with awall of finite conductivity,
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Fig. 3. Nonperfect waveguide under study.

two additional sets of simulations with other methods were also
run and compared with the ADI-FDTD simulations. One isthe
conventional FDTD method and the other one is the approxi-
mate SIBC approach [17] (that iswidely used for treating highly
conductive materials with FDTD thus far).

Consider the circular waveguide, as described in the previous
subsection, but with awall of afinite conductivity thistime (see
Fig. 3). The meshing method is similar to the one used in [6].
Intheradial direction », gradually decreased cell sizes were ap-
plied to the air-filled area, and a fine uniform grid was used in-
side the conducting wall. The largest size Ary,,x iS0.625 mm,
while the smallest size Ar,;, (Which isthe cell sizeinside the
conducting wall) was chosen to be one-third of skin depth. For
copper, Aryin = 9.54 nm at 40 GHz. Therefore, the cell size
ratio of thelargest cell sizeto the smallest cell sizeisaslargeas
65513 in the r-direction a 40 GHz. In the azimuthal direction
and z-direction, uniform discretization was applied with A¢ =
0.42 rad and Az = 0.5 mm. Overall, a39 x 15 x 120 mesh
is generated for the whole computation domain. The thickness
of the conductive wall is taken to be approximately six times
the skin depth, long enough for the fields to decay to a neg-
ligible level. Other simulation parameters remain the same as
those used in Section I11-A.

Thefirst two parameters under study are attenuation constant
« and phase-shift constant 3. The parameters were computed
via

1
= -
& hTL

S(Er(z + h,t))

S(E,(=9) (19
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S(Er(2,1))
S(Er(z + h, 1))

In

1
S =—Im

- (1

where & represents the Fourier transform at a selected fre-
quency. z istaken to be at 10 A~ away from the source, and the
distance h is 10 Az. Im isthe operator that takes the imaginary
part of a complex variable.

Tables| and |1 show the computed attenuation and phase-shift
constants with different conductivities using different methods.
In them, quantity p isintroduced to represent the degree of con-
ductivity of the walls as follows:

p=—. (12)
we

The higher value of p, the higher conductive degree of the
wall. In our simulations, p variesfrom 10to 10° and 2.62 x 107.
It correspondsto the conductivity of thewall varying from 22.22
to 22222.22 (§m) and 5.8 x 107 s/m (for copper) at 40 GHz.
From Tables | and 1, the following observations can be made.

1) The results obtained with the FDTD and ADI-FDTD
methods are very close to each other, and the differences
are less than 0.5%. Since the FDTD is a well-proven
method, we conclude that the ADI-FDTD method is
valid and effective in computing conductive media,
regardless of the values of conductivities. In other words,
the accuracy of the ADI-FDTD method is at the same
level as that of the FDTD method. The ADI-FDTD
method can be a substitute for the conventional FDTD
method whenever applicable

2) There exist differences between the results obtained with
the SIBC method and those obtained with the FDTD
or ADI-FDTD methods. The smaller the p value, the
larger the differences. That means that when the wall
becomes |ess conductive, the SIBC method becomes less
accurate. The reason is that the SIBC method is assumed
of plane-wave propagation in a conductive medium.
In a medium of low or medium-high conductivities
(p =10 — 10000) or cylindrical structures, the assump-
tion is no longer valid. Therefore, the results obtained
with the SIBC approach will be quite different and most
likely inaccurate.

3) The phase-shift constants do not change much with varia-
tions of the conductivities, whilethe attenuation constants
do. This reflects the fact that the variations of the wall
conductivity have more impact on the attenuation con-
stant of the fields than that on the phase-shift constant,
as the energy is absorbed by the lossy wall.

Note that, in the above computations, the FDTD method is
used for the purpose of validating the ADI-FDTD method. The
computation time required for the FDTD simulations is much
higher than that for the ADI-FDTD method because of the CFL
stability condition. In fact, for the case of the copper wall, the
FDTD computation time became so high that we were not able
to complete the FDTD simulation in days (this is why in Ta-
bles | and I, no results are shown with the FDTD method for
the copper case). Table Il gives the comparison of the time
used by the FDTD and ADI-FDTD methods. As can been seen
from Table 111, for the FDTD method, the total simulation time
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TABLE |
COMPUTED ATTENUATION CONSTANTS WITH DIFFERENT CONDUCTIVITIES
Attenuation constant (Nepers/m)
14 Difference between FDTD and (%):
SIBC ADI-FDTD FDTD
SIBC ADI-FDTD
10 29.47 70.56 70.33 -58.10 +0.33
100 9.21 18.87 18.80 -51.01 +0.37
1000 3.02 5.79 5.78 -47.75 +0.17
10000 1.00 1.81 1.83 -45.36 -1.09
7
262x10° 00136 0.1012 N/A N/A N/A
(copper )
TABLE 11
COMPUTED PHASE SHIFT CONSTANTS WITH DIFFERENT CONDUCTIVITIES
Phase shift constant (radian/m)
P : .
SIBC ADLEDTD FDTD Difference between FDTD and (%):
SIBC ADI-FDTD
10 685.91 698.13 698.13 -1.75 0
100 685.91 698.13 698.13 -1.75 0
1000 685.91 698.13 698.13 -1.75 0
10000 685.91 698.13 698.13 -1.75 0
7
262x10 | 685 9] 687.33 N/A N/A N/A
(copper )
TABLE 111
COMPUTATION TIME BY THE FDTD AND ADI-FDTD METHODS
» Time step At (ps) Simulation time T (s)
FDTD ADI-FDTD Ratio FDTD ADI-FDTD Ratio
10 0.103 0.635 6.17 916.91 1329.98 0.69
100 3.25x10% 0.635 19.54 4791.95 1467.19 3.27
1000 1.03x1072 0.635 61.65 8724.17 1549.83 5.63
10000 | 3.25%1073 0.635 195.38 31905.17 1637.13 19.49
TABLE IV
MEMORY USAGE BY THE FDTD AND ADI-FDTD METHODS
p FDTD (Mbytes) ADI-FDTD (Mbytes)
10 12.6 27.1
100 13.1 29.5
1000 14.1 30.8
10000 15.6 32.1

(T) tends to increase with higher conductivity because of the
smaller time step. For the ADI-FDTD method, the total smula-
tion timejust slightly increaseswith higher conductivity. Conse-
guently, the higher the conductivity, the larger savings with the
ADI-FDTD method in simulation run time. When p is larger
than 10000, the saving is more than 19 times.

Table IV shows the memory used by the FDTD and
ADI-FDTD methods. The ADI-FDTD method requires about
double the amount of memory required by the FDTD method
due to the fact that more field components at each time step
are computed with the ADI-FDTD. The detailed explanations
were offered in [2] and [3].

To shed morelight onthe accuracy of the ADI-FDTD method
(which can now be considered to produce the solutions almost
the same as those from the FDTD method), Fig. 4 shows the
wave impedance in the air-filled region with different conduc-
tivitiesin comparisons with the theoretical solutions. The theo-
retical impedance value is the wave impedance with a perfect
conducting wall. As can be seen, the higher the p value, the
closer the impedance computed with the ADI-FDTD method is
to the theoretical value with a perfect electric conductor (PEC).
Consequently, the results obtained with the ADI-FDTD method
are reasonably accurate. Ripples are observed at the higher end
of the frequency range. We cannot identify the exact cause. Our
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Fig. 4. =z-directed wave impedance in the air-filled area with different
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conjecture is that they are due to the dispersion error of the
ADI-FDTD method in a conducting medium at high frequen-
cies. Further investigation along thislineis currently under way.

C. Computation of the Waveguide With Copper Wall

Thus far, we have shown that the ADI-FDTD method can
achieve the same accuracy asthe FDTD method with much less
computation time in modeling conductive media. We then ap-
plied the ADI-FDD method to the copper wall, which is more
of arealistic problem.

The computed attenuation and phase-shift constants were al-
ready shown in Table | and Il. The phase-shift constant is very
closeto an analytical solution with the perfect wall. The attenu-
ation constants are, however, different from those obtained with
the SIBC approach. Since the ADI-FDTD method has previ-
oudly proven to be in a consistent agreement with the FDTD
method, more confidence should be given to the ADI-FDTD
results than to the SIBC results.

Below, other results, namely, field distributions and wave im-
pedances, are shown. These results are presented simply be-
cause they can demonstrate that ADI-FDTD method not only
has the normal capability of the conventional FDTD and SIBC
methods, but also the capability that the two methods do not
have.

1) Field Distributions and Wave Impedance in the Air-Filled
Region: Fig. 5 showsthefield attenuation along the z-direction
computed with the ADI-FDTD method, while Fig. 6 is a snap
shot of £, at 40 GHz with the ADI-FDTD method. From these
two figures, one can see that the ADI-FDTD method does pick
up thefield attenuation, evenitissmall (as expected, dueto high
conductivity of copper).

Fig. 7 shows that the magnitude of the z-directed wave
impedance simulated with the ADI-FDTD method, as well as
the analytical results with the assumption of the PEC wall. The
impedance is computed with the following equation:

S(En(2,1))

. 13
S(Hy (1) =

Zair z—directed —

As can be seen, impedance calculated with the ADI-FDTD
method is very close to the theoretical result with the PEC wall.
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Fig. 5. Field attenuation along the propagation direction.

1

0.8 B
0.6 \
0.4 /

0.2~

/
/

i

/ \ /

/ \
\\ / /
0.2 | /
0.4} \

\

_0_6 |-
-0.8

4 . ‘

20 30 40

1] 10

o+

Normalized Magnitude

.
50
Cell number from the source

Fig. 6. Snap shot of the E.. distribution in the z-direction.

500 -

" Wawe impedance with ADI-FDTD method

450 |- --- Wawe impedance with PEC

400+ E
350 . :_l—'—”j’_'_"_'_:_/ oo
300/ it B
250

200

Resistance (Ohms)

150

100+ °

. . | | )
25 30 35 40 45 50 55 60
Frequency (GHz)

Fig. 7. Wave impedance in the air-filled area.

Theripples at the very low frequencies may be attributed to the
computer roundoff errors since the field intensities below the
cutoff frequency attenuate so much at the output points that the
roundoff errors simply override the real field values of small
vaues below cutoff.

2) Field Distributions and Wave Impedance in the Con-
ducting Wall:  Unlike the SIBC method, which cannot provide
information on field distributions in the conductive region,
the ADI-FDTD method is capable of simulating fields inside
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Fig. 8. (a) Field distribution in the conductive region in the radial direction at 40 GHz. (b) Field distribution in the conductive region in the azimuthal direction

at 40 GHz. (c) Field distribution in the conductive region in the propagation direction.

the conductive region. By recording time-domain field values
a each grid point aong a direction inside the wall, field
distributions, as well as the impedance in that direction can be
obtained. Fig. 8(a)—c) shows the field distribution inside the
conductive region along the three respective directions.

From Fig. 8(a), one can see that the field is attenuated in
theradial direction. Thetheoretical distribution comesfrom the
well-known case of the plane-wave propagation in aconducting
medium documented in most textbooks (where the field is at-
tenuated with ¢="/%, with & being the skin depth). The simu-
lated and theoretical field distributions are close to each other.
It means that, for highly conductive media, the field is attenu-
ated asit is for a plane-wave situation. However, this does not
mean that the fields inside the conducting wall can be treated
like a plane wave since the fields are distributed differently in
the other directions. In the azimuthal and longitudinal direc-
tions [see Fig. 8(b) and (c)], the fields are not attenuated with
the factor of ¢—"/?. Rather, they vary with the cylindrical mode
field distributions like those in the air region. In our case, fields
do not vary in the azimuthal direction, but propagate in the lon-
gitudina direction.

In correspondence to the field variations in the three direc-
tions inside the copper region, wave impedances on the surface
of the copper wall along thethree directionswere also computed

via the following equations:

CS(B(z,1)

o= S(Hy(z, 1))

S(E.(2,1))

% = |3(HE (= 1)

IS(Be(z,1)
2= S(Hy(z, 1) | (14)

Fig. 9 shows the computed results. Particular attention
should be paid to the impedance in the radia direction shown
in Fig. 9(a). It represents the surface impedance of the copper
wall. Asareference, the surface impedance used with the SIBC
approach is also shown in Fig. 9(a). As seen, both impedances
are close to each other, especially in a lower frequency range
where p is larger. This validates the SIBC approach for mod-
eling of highly conductive materials that are represented by
large p. The impedances shown in Fig. 9(b) and (c), however,
are not associated with the surface impedance, but with the
mode impedances. The z-directed wave impedance has a dip
that corresponds to the cutoff frequency. To the authors best
knowledge, values of these impedances in conducting media
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Fig. 9.
impedance in the propagation direction in the conductive area.

have not been reported thus far in literature. This paper, for the
first time, presents the results. This is significant in modeling
of the highly conductive mediawith methods of FDTD types.

IV. CONCLUSIONS

Inthis paper, extensiveinvestigations on the application of the
ADI-FDTD method to modeling of conductive materials has
been presented. Also, the unsplit PML was implemented into
the cylindrical ADI-FDTD method for simulating open struc-
turesthat contain conductive medium. Our studies show the fol-
lowing.

1) The ADI-FDTD method can generate the results that are
amost the same as those with the conventional FDTD
method, but with much less computation time for highly
conductive materials. In the case of highly conductive
walls, such as copper walls, the computation timeis com-
fortably manageable with the ADI-FDTD method, but
becomes prohibitorily large with the conventional FDTD
method. In other words, the ADI-FDTD method can be
an effective substitute for the conventional FDTD method
whenever the conventional FDTD method is not practi-
cally applicable,

(a) Wave impedance in the radial direction in the conductive area. (b) Wave impedance in the azimuthal direction in the conductive area. (c) Wave

2) Both the ADI-FDTD and the SIBC methods can effec-
tively handle highly conductive materials. Although the
SIBC method renders saving in computation expendi-
ture (since it does not require meshing within conduc-
tive regions), the ADI-FDTD method is capable of sim-
ulating the fields inside the conductive regions. For con-
ducting media of low to medium-high conductivities, the
SIBC method does not provide solutions with good ac-
curacies, while the conventional FDTD method requires
larger CPU time than the ADI-FDTD method.

In conclusion, the ADI-FDTD method can serve as an effec-
tive universal tool for modeling of conductive media, regardless
of the degrees of medium conductivity. The main reason is that
it does not have the CFL condition that restricts its time step
from being a large value, even when the modeling accuracy is
adequate.
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